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G. MOROSANU

Parabolic problems associated
to integrated circuits with
time-dependent sources

We shall be concerned with partial differential systems of the form

avk a avk ——
(S) R 55 @0) 5 8l V) = 0, x€ (0,1), 1>0 (k=1,n),

with boundary value conditions

BO) (Y@ + G(ygW)(@) 2 b(0), 1>0,
and initial conditions

(IC) v(0, x) = vy(x), x € (0, 1),

where v := col(vy,...,v,), (Ygv)(1) := col(v;(z, 0), v4(t, 1),...,v, (£, 0), v, (z, 1)),

d v, d 2 d v,
(74w := col(- a;(0) W(I’ 0), a;(1) W(r, D=~ a.{U) 55 (t, 0),

av.
an(l)ﬁ("’ ).

Throughout this article we shall admit the following assumptions:

(A.1) a, € W(0,1) and a,(x)>0 in [0,1] (k=1,n).

(A.2) (-, p) € L5(0,1) forevery p€ R and g;(x,-) is continuous

and nondecreasing for a.e. x€ (0,1) (k= 1,n).

(A.3) G : D(G) € R?" 5 R?" is a maximal monotone operator (possibly
multivalued).

From a physical point of view, problem (S) + (BC) + (IC) is connected with integrated
circuit theory. We mention that particular cases of this problem or similar problems
were studied in recent years by a Finnish-Romanian group: V. Hara (Jyviskyld), P.
Koikkalainen (Jyvidskyld), A. Lehtonen (Jyvdskyld), C.A. Marinov (Bucharest), G.
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Morosanu (Iasi), P. Neittaanmiki (Jyviskyld).

From a theoretical point of view, similar boundary value problems for higher-order
parabolic equations were studied by G. Morosanu and D. Petrovanu (see [4, p. 218-
245]).

Let us first consider

The case of constant sources: b(r) = by, (a constant vector).

In this case we can replace G by G defined by Gw = Gw - by, which is also
maximal monotone. So we can assume in what follows b(f) = 0. This situation was
investigated in a previous paper [6] (see also [5], [7]). Let us recall that if b(z) = 0,
then our problem can be written as a Cauchy problem for an ordinary differential
equation in the space X = L,(0, 1) x ... x Ly(0, 1) (with n factors) endowed with the
usual scalar product

n

nee
<u, V>X = k§1 <uk, vk>L2(0, I) = kgl ()" uk vk dx.

To this purpose let us define the operator A : D(A) c X > X as follows:
D) = ve X; v, € Hy0,1) (k=1,n) and -y, ve Gy},
dv,

dx

d

5
n
dx

)

d d
A = - — . geaey —— .
v col ( dx(al() ) x(a,,()

Consider also the operator B : D(B) c X » X defined by
By := col (g4(, V1)ss8y (1 V),

where D(B) consists of all v € X such that Bv € X. We know from [6] that (A.1) +
(A.3) 2 A is maximal monotone in X and D(A) is a dense subset of X.
Moreover, (A.1) + (A2) + (A30)» DA +B)=D(A) and A+ B is also
maximal monotone. If, in addition, G is a subdifferential then A + B is a
subdifferential too.
Now, we can see that problem (S) + (BC) + (IC) (with b(r) = 0) can be expressed
as a Cauchy problemin X:

dv/dt+(A+Bv=0, t>0,
v (0) = v,

We give (without proof) the following existence result:
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Theorem 1. Assume that (A.1), (A.2) and (A.3) hold. Then, for every v, € X,
problem (CP) has a unique weak solution v € C(R,; X). If vy € D(A) then (CP)
has a unique strong solution v € W10, T; X), VT >0, with additional properties

Vv, € L (0,T; H2(0, 1))
and
Vi, OV /0x € Ly((0, T) x (0, 1)), VT>0, k=1,n.
If, in addition G is a subdifferential then for every vy € X, v is strong and
Jt dvzdi € Ly(0,T; X), VT>0.
For the definitions of weak and strong solutions for (CP) (hence for (S)+ (BC) +
(IC)) we refer the readere.g. to [4, p.47].

Now, we shall concentrate our attention on

The case of time-dependent sources: b(¢) # const.

We suppose for the time being that b(r) = col (b4(?),...,b,, (¢)) is sufficiently
regular. Following an idea form [3] we make a change of unknown functions

V= +iy (k=T,n), (1

where

Uy (1, x) = ak(m3 + Bk(r);c2 +8 (x, k= 1,n, )
with o, B,, 8, determined (uniquely) from the system

(Yoi)(®) = 0, (y4i)(®) = b(). 3)

So problem (S)+ (BC) + (IC) can be rewritten as

du, 9 o u, _ _—
Fr a(ak(,x) W) + g uy + iy (8, x) by (1, x) ,0<x<1, >0, k=1,n,
(7@ + G(ygu)(®) 3 0, > 0. 4)

w0, %) = upg(x), 0<x<1, k=1,n,

where

210



ot

Buk

d
h @, x) := - + g(ﬂk(x) ﬁ(ﬁ x)),

U= Vko(x) - ﬁk (0, x).
In other words, we have obtained the following time-dependent Cauchy problem:

du/dt+Au+B u+u())=h@) in X,
)
u(O):uO.

Theorem 2. (Existence of Strong Solutions). Assume that (A.1), (A.2) and (A.3)
hold. If be W12(0,T; R?*) (T >0), vy, € Hy(0,1) (k=1,n and b(0) € y vy +
G(Ygvp) then (S)+ (BC)+ (IC) has a unique strong solution v € W10, T; X) with
additional properties

v € Ly (0, T; Hy(0, 1)) and vy, dv,/x € L (0, T) x (0, 1)), k=T1,n (6

Sketch of proof. In a first stage, we assume that g, (x, ) are Lipschitz continuous,

with Lipschitz constants independent on x, and b € Wz"”(O, T le"). We consider
the operators Q(f), ¢ 2 0 defined by D(Q(t)) = D(A) and Q(f)u := Au+B(u +
(1)) - h(r). Of course, Q(r) are maximal monotone and there exists L >0 such that

IQ@u - Q(s)ully <Llt-sl, Yue D), t,s€[0,T]

Therefore, the family {Q(f)} satisfies Kato's conditions (see [1]). On the other hand,
we can easily see that uy = vg - u(0, -) € D(A). Hence problem (5) has a strong
solution u, u € WH®(0, T: X), u(t) € D(A) for t € [0, T]. In fact, as ;:(r) = h(r) -

Bu(?) + ii(n)) : [0, T 1> X is Lipschitz continuous (hence belongs to W11(0, T; X)),
we have that u is differentiable from the right on [0, 7) and

% O+ Au() + Bu@®) + () = h(t), 0<t<T,
u(0) = uy,

Therefore
d'v

(S) d_(s)+Av{r)+Bv(r) =0, 0=t<T in X,
t
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(BO) (O + GO = b(), 0<t<T,

(I06) v(0) = v

Now, consider g, without Lipschitz condition and replace g, (x, -) by the Yosida
approximates g (x, -) (A > 0). From the reasoning above, problem (5), with 8
instead of g, has a strong solution uy,ie. vy = u) +u verifies the following

problem:

.

dv
5 A O+A O +BA) (=0, 0<t<T in X,
t

WO +Glr)® = b(), 0<1<T,
VK(O) = vo.
By a standard computation we get

1d @+ - (0 ||x+c0|| (e + b, ) = v (6 1 §

<lbit+h) -b@®| R I Cygvy) (t+h) - (g v )@ |l g2’
O=<t<t+h<T, ¢y>0.
Consequently, taking into account the inequality
<
[l ll clos .zl LZ(OJ) + I dusdx |l Lz(o,l)

we obtain

+
d_ Ivy e+ h) - v, @ X+ 2¢ || [vl(r +h, ) - @y 2

<C vy +h) - vy 1 3+ Co Il bt + k) - b(o) | ;2,,
0 2
+el ﬁ["’k(‘ +h, ) - g

with Cy,C,>0 and €>0 small enough.
Hence

212
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+
j_r @ @+ h) - () | 3+ Qe - e 1l ;_xIvl(’ +h)
(10)

—v O 2 <e S O b+ By - b | o

Thisimplies
+ + [

d v

-Cyt A 9 s L oy
I Dy <l— 2 I12+C, | eI 12,,dr, 0<t<T. (11
S O PR R YOY: 2{{ "1, (1

On the other hand, we can easily see that

d vy
sup |—=(0) 1l y < oo (12)
As>0 dt
From (11) and (12) we get
{dvl/dr; A >0} is bounded in L (0, T; X) (13)
and hence
{vy.; A>0} is bounded in L_(0, T; X). (14)

Now denote g := - Avy - B(A)v, and remark that {g;; A >0} is bounded in X.
Multiplying the equation

_;i_(vl = VO) + Avl - Avo = B(l)vl - B(X)VO = gl
!

by v, -V, we can obtain an estimate similar to (10)
I o “City @
ff— @ U@ - vol H+@2cy-e)e ¥l Fem CUBRITON .
t

(15)
<const, 0<r<T.

From (13), (14) and (15) we get
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{avl

: >0} bounded in L0, T: X). (16)
dx

Using (14), (16) and the formula

1 1
av av
a0 = [ 0= 2+ vy - [ E2 ey ay,
0 y x
we can see that
V3 A >0} is bounded in L (0, T) x (0, 1)), k=1,n. a7
Thisimplies
{B(A)vy; A >0} is bounded in L,(0, T; X). (18)

Now, from the obvious inequality

% %II V(0 - v, | 5 < - <BOW, - BV, vy - v > »

we deduce that
Iva® - v Iy SC,A+W)1/2 0<2<T,

and this shows that v, converges to some v in C([0,T] X), as A= 03 uy = v, -

i->u=v-iin C(0, T} X). Next, by Lebesgue’s Dominated Convergence
Theorem, we can prove that B(A)v, -» Bv, strongly in L,(0, T; X). Now we are able
to pass to the limit in the equation

dvl/df + Avl + B(l)vl = 0,

to obtain that v is a strong solution of (S) + (BC) + (IC).

In the next step, we shall consider that b € w2 (instead of b € Wzi“’). Taking
Vo o such that vy - #(0, ), ¥, - #(0, ) € D(A) and b, b € W2® we can show
(after some computations) that the corresponding solutions v, v satisfy

t

1@ - 50 1 2 < const. (Ivg - 512+ [ 1) - b(s) | ;zﬂds), 0<I<T, (19)
0
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and
t

Dv(e + k) - v(0) 12 < const (I v(h) - vg 12 + [ 155 + k) - b(s) I ;2,, ds),
0
O0<t<t+h<T. (20)
Now, taking a sequence {b,,} € W2*® sych that b,,» b in W12 and fixing Vo
such that ug = vy - (0, -) € D(A) we can see that the corresponding sequence of

strong solutions v, converges uniformly to some v which is also a strong solution.
The regularity properties (6) follow by standard resonings. Q.E.D.

Theorem 3. (Existence of Weak Solutions). If (A.1), (A.2), (A.3) hold, vye X
and be L2(0, T: |Rz”), then (S) + (BC) + (IC) has a unique weak solution
ve C(0,T] X) with v, € L,(0,T; w20, 1) (k=1,n).

Proof. Let {vo({')}le c D(A) be such that vy(j) » vy in X and let {bu)};'zl ez
wl2(0, T; IRz") be such that b(j)(0) = 0 and b(j) > b in L,. Then, the
corresponding strong solutions v(j) satisfy

t
. . Dy 4
Iv()(® - v I +(_!' I a[v(;)(s) -v@I %,ds

t
< Const J I BG)(s) - b)) | ;ZA ds, 0<t<T,
0

which leads us to the conclusion. Q.E.D.

Theorem 4. (Asymptotic Behaviour of Solutions). If (A.1), (A.2), (A.3) hold, G
is strongly monotone and b € Ly(R,; R2"), then A+ B is strongly monotone, hence

(A+B)"! 0 has one element, say p, and v(f) > p in X as t- oo, for every weak
solution ().

Proof. An easy computation shows that A + B is indeed srmngiy monotone. Now
foreach je N we define b(j) by

b(), 0<r<j,
b(D(t)={
o , t>j,

and denote by v(j)(t), t 2 0, the solutions corresponding to b(j) and satisfying
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v(j)(0) = v(0). Note that

1vG)(®) - v I < const ([ 1b(s) I 22n ds)!/2 B
|

Since for 2= j, v(j)(¢) is a solution corresponding to null sources we have v(j)(r) - p,
strongly in X as ¢ - oo. This fact combined with (21) and with the following
inequality

lv@) - pl<lv) - vi)@) T+ 1v()@) -p
implies that v(r) - p, as - co. Q.E.D.

Remark. For other details and for more general problems we refer the reader to [2]
and [5].
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